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We study the nulear modiation of the salar QCD suseptibility, alulated as
the derivative of the quark ondensate with respet to the quark mass. We show that
it has two origins. One is the low lying nulear exitations. At normal nulear density
this part is onstrained by the nulear inompressibility. The other part arises from
the individual nuleon response and it is dominated by the pion loud ontribution.
Numerially the rst ontribution dominates. The resulting inrease in magnitude
of the salar suseptibility at normal density is suh that it beomes lose to the
pseudosalar suseptibility, while it is quite dierent in the vauum. We interpret it
as a onsequene of hiral symmetry restoration in nulei.
PACS numbers: 24.85.+p 11.30.Rd 12.40.Yx 13.75.Cs 21.30.-x
I. INTRODUCTION
The hiral phase transition is a hot topi of QCD. The attention has foused in partiular
on a baryoni rih environement, the simplest one being ordinary nulei. In view of the
diulties of the lattie methods to treat baryoni matter, studies based on models have
revealed their interest. In the rst stage the order parameter, whih is the quark ondensate,
was investigated[1, 2℄. With the realization that the amount of restoration is large, as the
order parameter has dereased by about 35% at ordinary nulear density, the interest has also
foused on preursor eets linked to the partial restoration of hiral symmetry in the form
of dropping hadron masses[3, 4, 5℄ or axial-vetor orrelator mixing[6, 7℄. The last topi to
attrat attention is the question of the suseptibilities in QCD[8, 9℄. In the broken symmetry
phase, where the order parameter introdues a privileged diretion, the suseptibility is
splitted as in magnetism in the parallel suseptibility, along the magnetization axis, and the
perpendiular one. In QCD these are the salar (χS) and pseudosalar (χPS) suseptibilities
2related to the utuations of the salar and pseudosalar quark density, respetively.
The in-mediumQCD suseptibilities have been disussed by Chanfray and Erison[9℄. For
the salar one they used the linear sigma model whih provides the oupling of the quark
salar density utuations to the nuleoni ones through sigma exhange. They ignored
the oupling to the pion density utuations, expeted to have a smaller inuene. Their
approah is basially a dispersive one, with the introdution of the in-medium salar spetral
funtion. In terms of graphs their eet orresponds to the one of Figure 1 and the dressing
by the pion lines to that of Figure 2.
The present work uses a totally dierent approah whih relies on the very denition of
the longitudinal suseptibility as the derivative of the order parameter with respet to the
perturbation responsible for the expliit symmetry breaking. In magnetism it is the external
magneti eld. In QCD it is the quark mass and we have the generi denition of the salar
suseptibility:
χS =
∂
∂mq
< q¯q >, (1)
where q is the quark eld. The two methods are known to be equivalent in their priniple.
However in pratie, in the dispersive approah, trunations are made in the intermediate
aessible states. In fat our new derivation inorporates terms as well as interferene eets
whih were previously absent. The present study is also free from the spei features of
the linear sigma model.
In Setion II, we show how Eq
(1) leads to a natural deomposition of χS into a vauum
ontribution χS(vac.), a ontribution noted χ
N
S whis is related to the nuleoni exitations,
and a ontribution noted χnuclearS whih is related to the nulear exitations. In Setion
III we use the Fermi gaz model to estimate χnuclearS and we ompare the result with the
one obtained previously with the linear sigma model[9℄. We onlude that χnuclearS depends
essentially on the zero momentum partile-hole propagator whih we relate to the nulear
inompressibility. In Setion 4 we study the nuleoni ontribution χNS and we nd that it
is dominated by the pion loud, the quark ore giving only about 6% of χNS . The model
dependane of the pion loud ontribution is moderated by the fat that, within a fator of
order two, its value is xed by the leading non analyti piee of the sigma term. In Setion
V we present some numerial estimates based on the results of Setions 2, 3 and we disuss
their impliations onerning the restoration of Chiral symmetry in nulei.
3II. NUCLEAR SUSCEPTIBILITY
Sine our aim is to evaluate the modiation of the suseptibility with respet to its
vauum value we note < q¯q(ρ) > the in-medium value of the quark ondensate and we
introdue:
χS(ρ) =
∂
∂mq
< q¯q(ρ) > (2)
where ρ is the nulear density.
For a olletion of independent nuleons, the in-medium ondensate < q¯q(ρ) > writes:
< q¯q(ρ) >=< q¯q(vac.) >
[
1− ΣNρS
f 2pim
2
pi
]
. (3)
Here ρS is the nuleon salar density, < q¯q(vac.) > denotes the vauum expetation value
of the ondensate and ΣN is the nuleon sigma term:
ΣN =< N |
[
Q5, Q˙5
]
|N >= 2mq
∫
d~x < N |q¯q(~x)− q¯q(vac.)|N > . (4)
Using the Gellmann, Oakes and Renner relation:
f 2pim
2
pi = −2mq < q¯q(vac.) >, (5)
the in-medium ondensate expression (3) an also be written in the form:
< q¯q(ρ) >=< q¯q(vac.) > +
ΣNρS
2mq
. (6)
The result above follows from the Feynman-Hellman theorem whih relates the ondensate
to the thermodynamial grand potential per unit volume ω = ǫ− µρ through:
< q¯q(ρ) >=
1
2
(
∂ω
∂mq
)
µ
, (7)
where the derivative has to be taken at onstant baryoni hemial potential µ (whih
ontrols the density ρ). As an illustration in a free Fermi gas, one has after substrating the
vauum energy:
ω = 4
∫ d~p
(2π)3
(Ep − µ) Θ(µ− Ep) (8)
4with Ep =
√
p2 + M2. The medium ontribution to the ondensate is obtained as:
< q¯q(ρ) > − < q¯q(vac.) >= 1
2
(
∂ω
∂M
)
µ
∂M
∂mq
= ρS
ΣN
2mq
, (9)
where the salar density is dened by:
ρS = 4
∫ d~p
(2π)3
M
Ep
Θ(µ− Ep), (10)
while the ordinary density is:
ρ = 4
∫
d~p
(2π)3
Θ(µ− Ep) = 2
3π2
p3F (11)
with p2F = µ
2 −M2.
Note that in Eq.(9) the ontribution of the delta funtion from the derivative of the
Heaviside funtion vanishes. It will not be the ase for the suseptibility. Starting from
Eq.(6) one gets:
χS(ρ) =
∂
∂mq
< q¯q(vac.) > +ρS
∂
∂mq
(
ΣN
2mq
)
+
ΣN
2mq
∂ρS
∂mq
, (12)
whih ontains three ontributions:
1. The derivative of < q¯q(vac. >, whih is the vauum suseptibility χS(vac.). Its evalu-
ation would require a non perturbative QCD model, whih is outside the sope of this
work. So we fous on the dierene χS(ρ)− χS(vac.).
2. The derivative of ΣN/2mq , whih is in fat the nuleon salar suseptibility[15℄ χ
N
S .
This follows from the relation between the sigma term and the ondensate:
ΣN = 2mq
∫
d~x < N |q¯q(~x)− q¯q(vac.)|N > . (13)
Thus:
χNS =
∂
∂mq
∫
d~x < N |q¯q(~x)− q¯q(vac.)|N >= ∂
∂mq
(
ΣN
2mq
)
. (14)
Therefore this seond term, whih writes ρSχ
N
S , an be interpreted as the individual
nuleon ontribution to the nulear suseptibility.
53. The derivative of ρS whih gives the third term, noted χ
nuclear
S :
χnuclearS =
ΣN
2mq
∂ρS
∂mq
. (15)
We shall see that it represents the eet of the nulear exitations by ontrast to the
seond term whih is due to the nuleon exitations.
In summary we are going to study separately the two terms of the quantity
χS(ρ)− χS(vac.) = ρSχNS + χnuclearS . (16)
III. NUCLEAR EXCITATION CONTRIBUTION
We rst examine the term χnuclearS in Eq.(16). We use the free Fermi gas, for whih
the salar nuleon density is given in Eq.(10). Taking its derivative with respet to the
quark mass at onstant hemial potential we get two terms, the seond one arising from
the derivative of the Heaviside funtion:
∂ρS
∂mq
=
ΣN
mq
4
∫ d~p
(2π)3
[
p2
E3p
Θ(Ep − µ) − M
2
E2p
δ(Ep − µ)
]
. (17)
The rst term in Eq.(17) represents the polarization through nuleon-antinuleon (N¯N)
exitations of a relativisti Fermi gaz submitted to a salar perturbation (see Appendix).
As it vanishes in the non relativisti limit we shall neglet this N¯N ontribution.
From the seond term in Eq.(17) we obtain:
χnuclearS =
Σ2N
2m2q
(
− 2
π2
pFM
2
µ
)
. (18)
In the non relativisti limit (µ ≃ M) the parenthesis redues to (−2MpF/π2) whih is
atually the partile-hole polarization propagator Πph(q) of the non relativisti free Fermi
gaz taken in the stati situation, i.e., for q0 = 0, and taking the limit of vanishing three
momentum (~q → 0). We have then:
χnuclearS ≡
ΣN
2mq
∂ρS
∂mq
≃ Σ
2
N
2m2q
Πph(0,~0) ≃ −2MpF
π2
Σ2N
2m2q
. (19)
6The presene of Πph indiates that the origin of this term lies in the nulear exitations.
A. Comparison with χnuclearS obtained in the sigma model
In the sigma model the salar suseptibility is related to the σ propagator[9℄. In the
medium this propagator is modied by the partile-hole insertions, whih gave:
χnuclearS = 2
< q¯q(vac.) >2
f 2pi
g2σ
m4σ
ΠS(0,~0) (20)
where ΠS is the full salar partile-hole polarisation propagator and gσ is the sigma nuleon
oupling onstant. In order to link the two expressions of χnuclearS we rst need to evaluate
the nuleon sigma term ΣN within the linear sigma model. It is built of two piees. The
rst one orresponds to the exhange of a sigma between the ondensate and the nuleon as
illustrated on Figure 3a. The seond one is the ontribution of the pion loud of the nuleon
whih omes into play as two pions exhange, as shown in Figure 3b. The result is
ΣN = Σ
σ
N + Σ
pi
N = fpim
2
pi
gS
m2σ
+
m2pi
2
∫
d~x < N |φ2(~x)|N > . (21)
In the ontext of our previous work[9℄, the pioni ontributionΣpiN did not appear naturally
and thus was ignored. To make the omparison meaningful we should then retain only the
sigma exhange part ΣσN and insert it in our expression (19) whih leads to:
χnuclearS (σ) =
m4pif
2
pi
2m2q
g2σ
m4σ
Πph(0,~0) = 2
< q¯q(vac.) >2
f 2pi
g2σ
m4σ
Πph(0,~0). (22)
This is essentially the result of the sigma model alulation (see Eq.20), provided we replae
the full ΠS by the free Fermi gas expression Πph. The present derivation is more satisfatory
in the sense that it does not rely on the sigma model to derive the oupling between the
quark density utuations and the nuleon ones. In partiular it inorporates other ouplings
than through sigma exhange, suh as the two pion exhange term ΣpiN of ΣN . Moreover the
interferenes between the various omponents of ΣN are automatially inorporated in the
rossed terms of Σ2N . One of these interferenes, that is the Σ
σ
NΣ
pi
N term, is illustrated on
Figure 4.
On the other hand talking also about the limitations of the present work, it applies to a
7free Fermi gas (its generalization is in progress), while our previous approah did not restrit
to this situation. In the dressing of the sigma line by ph states, the full ph propagator
entered. The latter is to some extent onstrained by nulear phenomenology[9℄ and the
argument goes as follows. At normal nulear density there is no distintion between the
salar and ordinary density operators. Now, at ordinary density, the ph progator Πρ is the
response of the system to a perturbation whih ouples to the nuleon density. In other
words it is the nulear ompressibility, with the relation:
Πρ = −9ρ
K
, (23)
where the nulear inompressibility K is related to the energy per partile E/A by
K =
d
dρ
(
ρ2
d
dρ
E
A
)
. (24)
Its experimental value at the saturation density ρ0 is in the range 200÷ 300MeV [10℄. This
value is ompatible with the free Fermi gas value omputed at the same density. Even though
this agreement may result from a anellation between several many-body inuenes, suh
as the eetive mass and residual interation eets, it justies to some extent the use of
the free Fermi gas model.
IV. NUCLEON SCALAR SUSCEPTIBILITY χNS
For a strutureless nuleon one has of ourse χNS = 0 but we do not make suh a restrition.
In general χNS 6= 0 beause the true nuleon responds to a salar perturbation by adjusting
its internal struture. One an estimate this response using models, for instane the MIT
bag model, but it ould also be extrated from lattie alulations when the latter are done
at realisti quark mass values.
A. Valene quark ontribution to χNS
The salar suseptibility of a free nuleon has been introdued by Guihon[11℄ in another
ontext, onerning a pure nulear physis problem, that is the question of saturation of
nulear matter. In his quark-meson oupling model the saturation follows from the response
8of the nuleon to a salar eld. In the bag model the total salar harge of the bag dened
as:
QS =
∫
d~x < N |q¯q(~x)|N >, (25)
depends on the quark mass. The linear term in the quark mass expansion of QS:
QS(mq) = QS(0) + χ
N
S (Bag)mq + · · · (26)
denes the suseptibility of the bag. It is found to be χNS (Bag) ≃ 0.5R ≃ 2.5 10−3MeV −1,
where the numerial value orresponds to a bag radius R = 0.8fm. It turns out that this
suseptibility due to the quark struture an stabilize the salar nulear eld and provide
a mehanism for saturation[12℄. In our ase however its ontribution to the nulear susep-
tibility is negligible (see Setion V) with respet to the one due to the nulear exitations.
This is not a surprise sine the nuleoni exitations, whih ontrol χNS (Bag), are muh
higher than the nulear ones. What is interesting however is the positive sign of this term.
Its origin is rather obvious: when its mass inreases the quark beomes less relativisti. This
tends to inrease the salar harge of the nuleon as the quark salar density q¯q involves the
dierene of the large and small omponents of the quark spinor.
Another important point is that χNS (Bag) only inludes the valene quark ontribution
and not those from the pion or sigma louds. The argument about the energy of the orre-
sponding exitations may not apply to the pion loud ontribution in view of the small pion
mass. It is therefore interesting to evaluate the orresponding suseptibility.
B. Pioni ontribution to χNS
The nuleon sigma ommutator is largely inuened by the presene of the pion loud.
If the nuleon remains unexited after pion emission and in the heavy baryon limit the
orresponding ontribution ΣpiN is equal to [13℄
ΣpiN =
m2pi
2
∫
d~x < N |φ2(~x)|N >= 3m
2
pi
16π2
(
gA
fpi
)2 ∫ ∞
0
dq
q4
(q2 +m2pi)
2
F 2(q), (27)
where φ is the pion eld and F (q) the πNN form fator. With this expliit expression of
ΣpiN it is straightforward to alulate the derivatives with respet to mq (or m
2
pi) involved in
9the orresponding suseptibility:
χNS (π) =
d
dmq
ΣpiN
2mq
=
2 < q¯q(vac.) >2
f 4pi
d
dm2pi
ΣpiN
m2pi
= −3 < q¯q(vac.) >
2
4π2f 4pi
(
gA
fpi
)2 ∫ ∞
0
dq
q4
(q2 +m2pi)
3
F 2(q). (28)
For a monopole form fator F (q) = Λ2/(Λ2 + q2) we nd:
χNS (π) = −
9m3pi
64π
< q¯q(vac.) >2
f 4pi
(
gA
fpi
)2 (
Λ
Λ +mpi
)4
= −4 10−2MeV −1 (29)
where the numerial value orresponds to Λ = 5mpi. This value is about 15 times larger
than the suseptibility due to the quark bag struture estimated in the previous setion.
A rough estimate of the pioni ontribution an be obtained if the form fator F (q) is
omitted in Eq.(28), whih orresponds to the limit Λ→∞. In this ase χNS (π) an be written
in terms of the leading non analytial term of the sigma term ΣLNAN aording to:
χNS (π) =
2 < q¯q(vac.) >2
f 4pi
d
dm2pi
ΣLNAN
m2pi
=
< q¯q(vac.) >2
f 4pim
4
pi
ΣLNAN , (30)
where
ΣLNAN = −
9
64π
(
gA
fpi
)2
m3pi ≃ −23MeV. (31)
This approximation leads to χNS (π) ≃ −8.6 10−2MeV −1, that is about the double of the
value obtained with the form fator.
There is also a ontribution to the nuleon sigma term due to intermediate π∆ states
(see Figure 3 b). In the narrow width approximation it reads:
Σpi∆N =
3m2pi
16π2
(
gA
fpi
)2
4
9
(
gpiN∆
gpiNN
)2 ∫ ∞
0
dq
(
q4
2ω2q (ωq +∆q)
2
+
q4
2ω3q(ωq +∆q)
)
F 2(q) (32)
with ωq =
√
q2 +m2pi and ∆q = M∆−MN + q2/2M∆. The orresponding ontribution to the
suseptibility, χNS (π∆), is obtained from the derivative of the above expression with respet
to m2pi. The presene of the large energy denominator M∆ − MN makes it less sensitive
to the pion mass. Numerially with the ratio gpiN∆/gpiNN =
√
72/5, we nd χNS (π∆) ≃
10
−1.4 10−2MeV −1. The overall suseptibility of a free nuleon due to the pion loud is thus
about −5.4 10−2MeV −1.
Our onlusion on the nuleon salar polarisability is that, as the eletri one, it is domi-
nated by the pion loud. Within a fator of two it an be expressed in a model independent
way in terms of the leading non analyti part of the nuleon sigma term. In this ontext
it is legitimate to wonder why the pioni suseptibility χNS (π) whih is so dominant in this
problem does not also dominate the nulear saturation problem where instead it is totally
ignored. The answer lies in the hiral properties of the salar eld responsible for the nulear
attration that we have studied in [14℄. We have stressed that this eld has to be hiral
invariant rather than σ, the hiral partner of the pion. It ouples derivatively to the pion.
Therefore, in the long wave length and stati limit, the pion loud is weakly oupled to this
nulear salar eld.
C. Interpretation of the pion loud ontribution in the sigma model.
It is interesting to look at the nulear suseptibility ρSχ
N
S (π) in the framework of the
sigma model. The sigma, whih transmits the quark utuations, is dressed not only by the
partile-hole exitations but also by the two pions exitations, as shown in Figure 5. Sine
we are interested in the modiation of the suseptibility with respet to the its vauum
value, at least one of the pions in this graph has to be a nulear one. So it is dressed by
partile-hole insertions. To lowest order in the density the ontribution of this graph to the
nulear suseptibility is:
χnuclear,2piS = 3
2 < q¯q(vac.) >2
f 2pim
4
σ
m4σ
4f 2pi
(
gA
fpi
)2 ∫
dq0d~q
(2π)4
~q2
(q2 −m2pi)3
ΠL(q
0, ~q)F 2(q). (33)
Here the subsript L in ΠL indiates the spin longitudinal harater. In the stati limit the
domain where Π(q0, ~q) has a non vanishing value is pushed to zero energy. In this ase the
pions do not arry energy so the integral over q0 whih then involves only Π(q0, ~q) redues
to:
∫
dq0
2π
ΠL(q0, ~q) =
∫
dq0
2π
∫
dω
(
−2ω
π
)
ImΠL(ω ~q)
q20 − ω2 + viη
=
∫
dω
(
−1
π
ImΠL(ω ~q)
)
= ρ
∫
dωRL(ω ~q) = ρSL(q), (34)
11
where RL(ω ~q) = −ImΠL(ω ~q)/πρ is the nulear longitudinal spin-isospin response and SL
its integral over energy. For a free Fermi gas one has:
SL(q) = Θ(q − 2pF ) + Θ(2pF − q)

3
2
q
2pF
− 1
2
(
q
2pF
)3
(35)
Ignoring the Pauli bloking eet the quantity SL(q) redues to unity, whih leads to:
χnuclear,2piS =
< q¯q(vac.) >2
2f 4pi
ρ
d
dm2pi
(
ΣpiN
m2pi
)
= ρχNS (π). (36)
This is exatly the nuleoni polarisability arising from the pion loud multiplied by the
density. In fat the mere omparison of the many-body graph of Figure 2 with the one
of Figure 5 whih represents the free nuleon suseptibility leads to this onlusion. To
leading order the evaluation of the nulear QCD salar suseptibility arising from the 2π
intermediate states does not need any alulation as it is simply related to the nuleon one,
if Pauli bloking is ignored.
V. NUMERICAL ESTIMATES
We have now all ingredients to proeed to the numerial evaluation of the in-medium
modiation of the salar suseptibility. To x the idea we shall use ΣN ≃ 45MeV and
K ≃ 230MeV −1. At normal density the ontribution of the nulear exitations to the
suseptibility is then:
χNuclearS (ρ0) = −8.2 105MeV 2.
Turning now to the nuleoni partiipation to the salar suseptibility we have to take into
aount the Pauli bloking whih redues the pioni loud ontribution from πN intermediate
states by about 25% at normal density, bringing the in-medium nuleon suseptibility to the
eetive value χ˜NS ≃ −4.9 10−2MeV −1. We multiply it by the nulear density whih gives
ρ0χ˜
N
S ≃ −6.8 104MeV 2. This number is smaller than the nulear exitation ontribution.
Altogether the salar suseptibility of nulear matter at normal density is:
χS(ρ0) = χS(vac.)− 8.9 105MeV 2. (37)
12
It is interesting to give a sale to ompare this nulear modiation of the salar suseptibil-
ity. The suseptibility of the vauum χS(vac.) is not known but due to the large mass of the
salar meson, it is ertainely muh smaller than the pseudosalar suseptibility χPS(vac).
The latter is atually dominated by the Goldstone boson, i.e. the pion, whih allows its
evaluation. Chanfray and Erison give the following expression[9℄:
χPS(vac) = −2 < q¯q(vac.) >
2
f 2pim
2
pi
≃ −1.3 106MeV 2. (38)
From this we infer that:
• χS(vac.) an reasonnably be negleted on the right hand side of Eq.(37).
• at ρ = ρ0 the nulear salar suseptibility is omparable to the vauum pseudosalar
suseptibility χPS(vac).
Moreover Chanfray and Erison have shown[9℄ that χPS(ρ) follows the density evolution of
the quark ondensate, i.e., at normal density it has dereased by 35%, whih brings it to
χPS(ρ0) ≃ −9 105MeV 2. This is nearly equal to the value χS(ρ0) ≃ −8.9 105MeV 2 whih
we get when we neglet χS(vac.) in Eq.(37). This implies that the salar and pseudosalar
suseptibilities, whih are so dierent in the vauum, beome nearly equal at normal nulear
density, a feature normally expeted only near the hiral phase transition. As our evaluation
uses the value of the free nuleon sigma term, this onvergene of χS(ρ0) and χPS(ρ0) toward
a ommon value must be taken with a grain of salt due to the possible medium renormal-
isation: ΣN → Σ˜N (ρ0), whih we have not taken into aount in this work. However this
manifestation of the restoration of hiral symmetry is so spetaular that we do not expet
it to be totally destroyed by these renormalisation eets. A systemati investigation of this
problem, as well as the extension of this study at larger densities, deserves further work.
In summary we have found that the two QCD suseptibilities, namely the salar and
pseudosalar ones, undergo a strong modiation in the nulear medium in suh a way they
beome lose to eah other already at normal nulear matter density. It is a spetaular
onsequene of partial hiral restoration whih may have onsequenes in proesses involving
higher densities.
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Appendix
Here we want to interpret the rst term in Eq.(17) in terms of nuleon antinuleon
exitations. For this we an onsider a relativisti free fermi gas desribed by a hamiltonian
H0 and add a perturbation[16℄
λW = λ
∫
d~rψ¯ψ = λ
∫
d~r ρS(~r) (39)
whih hanges the nuleon mass by the amount δM = λ. If we note |λ > the ground state
of the system in presene of the perturbation then, by the Feynamn Hellman theorem, we
have
∂
∂λ
< λ|
∫
d~r ρs(~r)|λ >
∣∣∣∣
λ=0
= V
∂
∂λ
< λ|ρS(0)|λ >|λ=0 = 2 < λ = 0|W
1
E0 −H0W |λ = 0 >,
(40)
where we assume < λ|λ >= 1 for simpliity and V is the volume of the gas. To simplify we
note
∂
∂λ
< λ|ρS(0)|λ >|λ=0 =
∂ρS
∂λ
. (41)
From the annonial eld expansion, the part of W whih produes the NN¯ intermediate
states is
WNN¯ =
∫
d~p
1
2Ep
[u¯(~p)v(−~p)b†(~p)d†(−~p)] + h.c.
= −
∫
d~p
~σ.~p
Ep
[b†(~p)d†(−~p)] + h.c. (42)
where b, d are respetively the destrution operators of the nuleon and antinuleon. So the
NN¯ ontribution to the R.H.S
 of Eq.(40) is:
∂ρS
∂λ
∣∣∣∣∣
NN¯
=
2
V
< λ = 0|WNN¯
1
E0 −H0WNN¯ |λ = 0 >
=
2
V
< λ = 0|
∫
d~p
~σ.~p
Ep
b(~p)d(−~p) 1
E0 −H0
∫
d~p′
~σ.~p′
E ′p
d†(−~p′)b†(~p′)|λ = 0 >
=
2
V
∫
d~p
p2
E2p
(
1
−2Ep
)
< ρ|b(~p)b†(~p)|ρ >
14
=
1
V
∫
d~p
p2
E3p
< ρ|b†(~p)b(~p)|ρ > −C∞
=
4
(2π)3
∫ pF
0
d~p
p2
E3p
− C∞, (43)
where we have used
< λ = 0|b†(~p)b(~p)|λ = 0 >= 4δ(~0)θ(pF − p) = 4V
(2π)3
θ(pF − p). (44)
The innite term C∞ is independent of the density so it drops out when we substrat the
vauum ontribution. Sine the perturbation (39) is equivalent to a hange δM = λ of the
nuleon mass, we an write
∂ρS
∂mq
∣∣∣∣∣
NN¯
=
∂M
∂mq
∂ρS
∂λ
∣∣∣∣∣
NN¯
=
ΣN
mq
4
(2π)3
∫ pF
0
d~p
p2
E3p
, (45)
whih is the rst term in Eq.(17). In other terms the derivative of the salar density at xed
density is entirely due to the NN¯ exitations.
Note that this does not allow us to say that the term
ΣN
2mq
∂ρS
∂mq
∣∣∣∣∣
NN¯
(46)
in Eq.(15) is the nulear suseptibility due to NN¯ exitations. To reah suh a onlusion
we should start with a perturbation of the form
mq
∫
d~r[u¯u(~r) + d¯d(~r)] = mqW, (47)
that is the true mass term of QCD. Dening the nulear suseptibility (per unit volume) as
χnuclearS =
1
2V
∂
∂mq
< mq|
∫
d~r[u¯u(~r) + d¯d(~r)]|mq >
∣∣∣∣∣
mq=0
(48)
where |mq > denotes the nulear ground state in presene of the quark mass term (47) then
the Feynman-Hellman theorem gives
χnuclearS =
(
1
2V
)
2 < mq = 0|W 1
E −H0W |mq = 0 > . (49)
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To ompute this quantity using the Fermi gas approximation we need to know the matrix
element < N |W |N > for the ph exitations and < NN¯ |W |vac. > for the NN¯ exitations.
There is no problem with the rst one sine we know it from the nuleon sigma term ΣN .
On the other hand the seond one is essentially unknown. We an quantify this problem by
introduing the NN and NN¯ salar form fators in the standard way:
mq < N(p
′)|u¯u(0) + d¯d(0)|N(p) > = SNN [(p− p′)2]u¯(p′)u(p),
mq < N(p
′)N¯(p)|u¯u(0) + d¯d(0)|vac. > = SNN¯ [(p+ p′)2]u¯(p′)v(p) (50)
From the denition of the nuleon sigma term:
ΣN =
1
< N(0)|N(0) > < N(0)|
∫
d~rmq[u¯u(~r) + d¯d(~r)]|N(0) >, (51)
we get SNN(0) = ΣN and by the rossing rule S
NN¯
and SNN are the same funtion. So we
an write
< N(p′)N¯(p)|u¯u(0) + d¯d(0)|vac. >= ΣN
mq
g[(p+ p′)2]u¯(p′)u(p) (52)
where we have dened g(x) = SNN(x)/SNN(0). A straightforward alulation then leads to
the following expression[17℄ for the NN¯ ontribution to the nulear suseptibility:
χnuclearS (NN¯) =
Σ2N
2m2q
4
(2π)3
∫ pF
0
d~p
∣∣∣g(4E2p)∣∣∣2 p
2
Ep
≈
∣∣∣g(4M2)∣∣∣2 ΣN
2mq
∂ρS
∂mq
∣∣∣∣∣
NN¯
(53)
whih diers from (46) by the fator |g(4M2)|2. This fator is probably very small beause
the transition vacuum → NN¯ through the one body quark operator u¯u+ d¯d is suppressed
as ompared to the elasti transition N → N.
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Figure 1: Modiation of the σ propagator by the partile-hole polarisation propagator. The 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represents the ondensate
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Figure 2: Modiation of the σ propagator by the in medium 2pi propagator. The ross represents
the ondensate
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Figure 4: nterferene between σ and 2pi exhange.
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Figure 3: Nuleon sigma term in the σ model
